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Abstract 



This paper studies models with extended electroweak gauge sectors of the 
form SU{2) x SU{2) x U{1) x [SU{2) or [/(!)]. We establish the general 
behavior of corrections to precision electroweak observables in this class of 
theories and connect our results to previous work on specific models whose 
electroweak sectors are special cases of our extended group. 
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1 Introduction 



Understanding the dynamics of mass generation requires looking beyond 
the standard model of particle physics. Models with extended electroweak 
gauge sectors play a large role in recent work on the origins of electroweak 
symmetry breaking, the large top quark mass and the top-bottom mass 
splitting Some theories include an extended SU{2) x SU{2) structure 

for the weak interactions; the fermions may transform under the groups in 
a variety of flavor non-universal ways. Examples include non-commuting 
extended technicolor (NCETC) 011], topflavor 00171, and the ununified 
standard model (UUM) [Hj El and related theories ^0]. Other theories in- 
clude an extended U{1) x U{1) structure. Examples include topcolor-assisted 
technicolor jlll I12j . flavor- universal topcolor-assisted-technicolor |131 I14j . 
topflavor-seesaw jZj, and string theories |E] or string-inspired models |16j . 

This paper studies the phenomenology of models with replicated elec- 
troweak gauge symmetries, based on a framework with the gauge structure 
SU{2) X SU{2) X C/(l) X [SU{2) or U{1)]. We discuss flavor-universal theories 
of this type in detail and show how to extend our results in a straightforward 
manner to flavor non- universal theories. 

We begin, in section 2, by establishing the conventions we shall use and 
demonstrate that many specific models discussed in the literature are special 
cases of our general framework. In section 3, we examine the corrections the 
extended gauge sector causes in the low-energy current-current interactions 
of both the charged and neutral gauge sectors. We find that the form of 
the corrections depends neatly on the charge assignments of the fermions 
under the extended electroweak group. In section 4, we perform a similar 
analysis of the masses and couplings of the W and Z bosons in our general 
framework. Again, the fermion transformation properties dictate the form 
of the leading corrections to the Zff and Wff couplings. In section 5, we 
perform a global fit of precision electroweak data to the theories in which 
the leading predicted corrections to observables are smallest. We discuss our 
conclusions and their application to other models in the literature in section 
6. 

2 Replicated Electroweak Gauge Symmetries 

The general framework [17j for the models we will discuss is based on the 
gauge structure SU{2)xSU(2) x U{1) x [SU{2) or C/(l)], and is illustrated in 
the figure below. This figure employs the conventions of "moose" notation 
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CHI, 



^1 



W B R 



/ W V _f_ 

g COS 0( g g^' sin (X g' 

in which the circles represent gauge groups with the specified gauge couphng, 
and the sohd hnes represent separate {SU{2) x SU{2)/SU{2)) nonhnear 
sigma model fields which break the gauged or global symmetries to which 
they are attached. Each solid circle represents an SU{2) or U{1) group 
for which the entire global symmetry has been gauged; the dotted circle 
represents a global SU(2) in which only a U(l) subgroup has been gauged. 

For convenience, the coupling constants of the gauge theories will be 
specified by 

, e , e e _ e , ^ 

9= TT^-T' 9= 7{ 1' 9 = ^-^ , 9 



cos t> sm (p cos (7 cos (p sm U cos to sm t) sm lj 

and the /-constants (the analogs of f-j^ in QCD) of the nonlinear sigma 
models by 

V, (3) 
sm a cos a 

The nonlinear sigma fields will break the extended gauge group first (at 
scale /) to an intermediate electroweak group SU{2) x U{1) and then (at 
scale v) to the unbroken electromagnetic group U{1)em- Hence the low- 
energy spectrum of the theory includes a massless photon, a set of W and Z 
bosons which closely resemble those of the standard model, and an extra set 
of heavy W and Z bosons corresponding to the generators broken at scale 

As we will see, the Lagrangian parameters e, 0, and v, will be approxi- 
mately equal to the electric charge, weak mixing angle, and Higgs expecta- 
tion value in the one-doublet standard model. The scale / sets the masses 
of the extra gauge bosons, and the theory reduces to the standard model in 
the limit / ^ oo. The angle a allows us to independently vary the break- 
ing scale of the duplicated SU{2) or U{1) gauge symmetries. The angles </) 
and u determine the couplings of the gauge bosons which become massive 
at scale /. This analysis will assume that the ratio j ^ 1 since precision 
electroweak data already tells us that the observed W and Z bosons closely 
resemble those of the standard model. 

The symmetry structure of this model is similar to that proposed in the 
BESS {Breaking Electroweak Symmetry Strongly) model |19 | l2nj. an effective 
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Lagrangian description motivated by strong electroweak symmetry break- 
ing. The BESS model is in turn an application of "hidden local symmetry" 
to electroweak physics [23. Accordingly, we refer to our paradigm as "Gen- 
eralized BESS" (GBESS). The symmetry structure in the limit / — > oo is 
precisely that expected in a "technicolor" model j^HHSl! and the theory has 
a custodial symmetry in the limit where g' and g' go to zero. 

GBESS is the simplest model of an extended electroweak gauge symme- 
try incorporating both replicated SU{2) and U{1) gauge groups. As such 
the electroweak sector of a number of models in the literature can be thought 
of as forming special cases of GBESS. For example Noncommuting Extended 
Technicolor (NCETC) (Sll^) can be framed in the moose notation as follows: 

/ 



(4) 





SU{2)2 X SU{2)^ X 
/ \ 
"Light Fermions" ■< — ► "Heavy Fermions" 



where the gauge groups correspond, from left to right, to the SU{2)2 x 
SU{2)i X U{1) electroweak structure of the model. In the "heavy" case of 
NCETC, the fermions transforming under SU{2)2 are those of the first and 
second generations as shown, while the third generation transform under 
5C/(2)i; in the "light" case, the fermion assignments are reversed (per the 
double-headed arrow). The electroweak gauge structure of the Ununified 
Standard Model |S1 IH] is the same, 

/ 





SU{2). X SU{2)i X (7(1) 

/ \ (5) 

Quarks Leptons 

but it is the quarks and leptons which now transform under separate SU{2) 
groups, reflecting the distinct weak interactions of these species in this 
model. As another example, the electroweak structure of topcolor jlll I12j . 
has the form 

V ,''"s / 

2 1 ' 1 ; f 1 





SU{2)^ X U{1)^ X (7(1) 

/ \ (6) 

"Light Fermions" "Heavy Fermions" 
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which illustrates the separate hypercharge interactions of the 3rd generation 
and light fermions. 

Finally, electroweak SU{3) [211131111 has the gauge structure SU{3) x 
SU{2) X U{1) which can be represented as follows 



SU(2)x U(1) 



SU(3) 



'2 1*- 



Higgs (0) 



fermions 




(7) 



where the dashed circle reflects the fact that the gauged SU{2) x f/(l) 
is a subgroup of a global SU (3) group. Note that all fermions and the 
conventional Higgs field {(p) are charged under this SU{2) x U{1). The 
S transforms as a (2,3)_i of the gauge symmetries. If we focus on the 

2 

SU{2) X U{1) subgroup of the SU{3) gauge group which is preserved by the 
SU{3) X SU{3)/ SU{3) chiral symmetry breaking structure, this model can 
be redrawn. 

V2/- 



fermions 




(8) 



This unfolds to reveal the linear moose form of GBESS once more, with the 
coupling values shown below 



S3 




fermions 



fermions 



S3 

V3 



(9) 



and with the standard model fermions transforming under the inner two 
groups. Note that for g,g' one finds sm'^{9w) ~ j- The general 

properties of precision electroweak constraints on these models H 1271 I28j 
can correspondingly be viewed as special cases of what follows, as we will 
discuss below. 
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3 Low-Energy Interactions 



Important constraints on models with extended electroweak symmetries 
arise from low-energy measurements, of which the most sensitive are the 
muon lifetime (used to determine Gp), atomic parity violation (APV), and 
neutrino-nucleon scattering. In the usual fashion, we may summarize the 
low-energy interactions in terms of four-fermion operators. The form of 
these interactions will depend, however, on the fermion charge assignments. 
For simplicity, we focus on models in which the fermion charge assignments 
are flavor universal. To illustrate the model-dependence of the results, we 
consider two examples. 

First, we consider the case (hereafter, Case I) in which the ordinary 
fermions are charged only under the two groups at the middle of the moose 



L W B R 




fermions fermions 



In this case the charged current interactions may be computed to be 

L^^ = -Aj'^+J,-, (11) 
and the neutral current interactions to be 

2 

— —K (cos^ a sin"^ 6 sin'^ oj + sir? a cos^ sin^ (/>) Q^Qn ■ (12) 

In these expressions, the currents 3 and are the conventional weak 
and electromagnetic currents. From these, we see that the strength of Gp^ 
APV, and neutrino scattering is determined by v in the usual way. Further- 
more, comparing the two equations, we see that the strength of the charged 
and neutral current interactions, the so-called low-energy p parameter, is 
precisely one (at tree- level). This last fact is a direct consequence of the 
Georgi- Weinberg neutral current theorem 29 . 

As an alternative, consider the case (hereafter, Case II) in which the 
SU{2) charges of the ordinary fermions arise from transforming under the 
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gauge group at the end of the moose {SU (2) l with couphng g) 



L W B R 




fermions fermions 



A calculation of the charged current interactions yields 

L-- = -2{^,^^)r*J-, (14) 

while the neutral current interactions are summarized by 

L^^ = - ^{J^-Q" sin^ Of - (4 - sin^ 6 sin^ u Q^^f 

- (cos^ e sin^ <i>) Qi'Q^ . (15) 

Several points in this expression are of particular note. First, the value of 
as inferred from muon decay is no longer simply proportional to v~'^, 
but is instead proportional to + cos^o;/"^). As we shall see in the 
next section, this ultimately will give rise to corrections to electroweak ob- 
servables of order (v//)^ which are not suppressed by any ratios of coupling 
constants. Second, in contrast to Case I, the strength of low-energy charged- 
and neutral-current interactions are no longer the same. The strengths of 
the J3J3 and J~^J~ portions of the interactions are still equal; this reflects 
the approximate custodial symmetry of the underlying model. The ratio 
of the strengths of the J3Q and J^J~ terms, however, is no longer simply 
proportional to sin^ 9, but depends also on the angle uj relating the gauge 
couplings g and g. 

One can likewise define models in which the fermions couple to the group 
at the right-hand end of the moose instead of to the gauged U{1) group on 
the interior. Whether the global SU{2)^ is fully gauged or only a U{1) 
subgroup is gauged, the efi'ect on the neutral-current weak interactions will 
be the same; the charged weak bosons of a gauged SU {2)ji would not mix 
with those of SU{2)\y and SU{2)l. We will refer to the situation where 
fermions are charged under groups W and R as Case III and that where 
fermions are charged under groups L and R as Case IV. The low-energy 
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charged currents of Case III (Case IV) are identical to those of Case I (Case 
II). The low-energy neutral currents may be written in the general form: 

= - ^,{4-Q' sin' of- {ts4-tQQn'- {m4-UQQn' 

(16) 

where the coefficients t^, tq, us, uq are summarized in Tabled Note that 
in Cases III and IV the strenghts of the J3J3 and J~^J~ portions of the 
interactions are no longer equal. 



Case 


is 


tQ 


U3 




I (W, B) 










'2 2 


II (L, B) 


1 


„2 2 





„2 2 


III (W, R) 





„2 2 


1 




IV (L, R) 


1 


„2 2 


1 





Table 1: Coefficients of the order f^//'^ corrections to low-energy neutral 
currents (per equation [T6|) in Cases I- IV. For each Case we note the gauge 
groups (S'C/(2)x,oriy) U{1)bo^r) under which the fermions are charged. For 
brevity, we abbreviate cos^ a as c^, and sin^ a as s^, and so forth. 



4 Z-Pole Constraints - General Structure 

Many of the most significant constraints on physics beyond the standard 
model arise from precise measurements at the Z-pole. To interpret these 
measurements, we must compute the masses of the light W and Z bosons 
(which are the same in Cases I-IV) and their shifted couplings to ordinary 
fermions in terms of the Lagrangian parameters. 

The charged weak bosons of the SU{2)l and SU{2)w groups of GBESS 
mix with one another^ . Diagonalizing the mass-squared matrix 

f ( 1 

4 sin^ e cos2 a sin^ uj \ - tan w tan^ uj 

^If one were to gauge the full global SU{2)r of GBESS, the charged weak bosons of 
group R would not mix with those of groups L and W and would simply have masses 

4 cos-^ 9 \ sin-^ a sin''^ (j) j ' 



- tana; 
1 + ^ 



(17) 
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for the charged L and W bosons yields masses for the Ught W 



Mi 



1 — cos^ a sin^ w ^ 1 + O ( ^ 



^ 4sin2 
and its heavy counterpart (at leading order) 



P 



1 



^ ^^/^ 

4 sin^ V cos^ a sin^ u cos^ a; 



(18) 



(19) 



All four neutral bosons in GBESS mix with one another. Diagonalizing 
the mass-squared matrix (from which an overall factor of [e^/^/4cos^ 0sin^ 9\ 
has been removed) 



cos^e 



cos^e 



cos^ a sm a; cos a; 



cos^ a sin u) cos u) cos^ w 







■» cos y sm 

/2 cos U) COS 








V COS f sin U sm I 

~P COS a; COS cos^ < 



I 1 

"FI n — 

I sin a 

sin^ a sin <A cos (i 






sin^e 



sm a sm (p cos <; 

~^~2 . 'i 1 

Sin a sin q> 



yields a massless photon, a light Z state with mass 



Ml 



4 sin^ cos^ 6* 



1 — (cos^ a sin^ a; + sin^ a sin^ 



+ ... 



and two heavy Z states with leading-order masses 



M 



Nl 



M%2 = 



4 cos^ 9 \ svo? a svo? (f) cos^ 



1 



4 sin^ 9 V cos^ a sin^ u cos^ a; 



(20) 
(21) 

(22) 
(23) 



By comparing our expression for M| with our previous results for the 
relationships between Gp and v in Cases I and II, we can see that the 
fermion charge assignments have a major effect on the predicted values of 
electroweak observables. The leading corrections to the standard model re- 
lation between Gp, cx, M|, and the appropriately defined weak mixing angle 
sin^^H^ are generically of order v'^/p in Case II. In Case I, the dominant 
corrections are further suppressed by factors of sin^ uj or sin^ (j). Then, if 
one views the electroweak predictions of GBESS in terms of corrections to 
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the corresponding standard model results, these corrections in Case I are 
(potentially) suppressed by ratios of coupling constants relative to the size 
of corrections in Case II. This leads generically to weaker constraints in Case 
I models, meaning that new phenomena associated with such models (such 
as extra gauge bosons) can exist at lower energy scales. 

In order to make predictions for electroweak observables, we need to 
compute the couplings of the ordinary fermions to the light gauge boson 
eigenstates. For Case I theories, we find that the couplings to the left- 
handed fermions to the W are 



sin( 



1 



cos a sm lj 



P 



+ ... 



(24) 



and for the Z we find the couplings 

— (cos^ Q sin^ uj + sin^ a sin^ i 



sm f cos ( 



sm 



■ 2 -4 

sm Q sm I 



Q 



(25) 



sm t/ cos t 

Examining our expressions for the shifted gauge-boson masses and couplings, 
we see that, for Case I, all corrections to standard model predictions may 
be expressed in terms of two combinations of Lagrangian parameters: 



2 ■ 4 

ci = COS a sm uj -p^ , C2 



• 2 -4 

sm a sm i 



This allows us to compute bounds on model parameters in terms of fits to 
ci and C2, greatly simplifying the calculations. 

For Cases II-IV, the leading corrections to gauge-boson couplings at 
order j ^ are suppressed by only two powers of sin a; or sin</>. To facilitate 
comparison of the forms of the couplings in the different Cases, we write the 
general formula for W couplings to left-handed fermions 

,2- 



sin( 



l + a± 



and for Z couplings to fermions 



sm tj cos ( 



V 



sm w cos ( 



sm 



V 



(27) 



Q . (28) 



and tabulate the factors a±, as , and ag in Table El The general pattern 
is that when the fermions couple to a group on the interior (exterior) of 
the moose, the leading correction at order f^//^ goes as sin^ (sin^) of the 
associated mixing angle. Thus the corrections in models where fermions 
couple to an exterior group can be significantly larger than those in Case I. 
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Case 


a± 


03 




I (W, B) 




'1 A 2 4 




II (L, B) 




y-)2 q2 ^2 q2 q4 




III (W, R) 




-cist + 44c2 




IV (L, R) 




444 + slslcl 


SaS<f,C^ 



Table 2: Coefficients of the order w^//^ corrections to fermion couplings to 
W and Z bosons (per equations in Cases I-IV. For each Case we 

note the gauge groups {SU{2)ioj-]y, U{l)BorR) under which the fermions 
are charged. For brevity, we abbreviate cos^ q as c^, and sin^ a as s^, and 
so forth. 



5 Flavor-Universal Analysis and Results 

From the calculations in the previous two sections of the paper, we may 
compute the values of all precisely measured electroweak quantities in terms 
of the Lagrangian parameters. Using the procedure outlined in Burgess et. 
a/.,[3n] we find that the leading contributions to the observables are given 
in Table 01 As mentioned earlier, all correction terms of order are of the 
forms ci and C2 defined in eqn. 1261 meaning that they involve the fourth 
power of either sinu; or sincj). In contrast. Table |2 illustrates the corrections 

2 

of order p- for Case II-IV models are suppressed by fewer powers of these 
mixing angles; one expects terms proportional to sin^o; in Cases II, IV and 
to sin^ (j) in Cases III, IV. We therefore perform a detailed comparison to 
the data only for models of Case I, in which all fermions are charged under 
the middle two groups of the moose. 

We have made a global fit of the predictions of GBESS (Case I) to the 
electroweak observables listed in the most recent compilation by the LEP 
Electroweak Working Group |nj|. These include Z-pole observables as well 
as the width of the W boson, and low-energy atomic parity violation and 
neutrino-nucleon scattering. The 68%, 95%, and 99% confidence level fits 
for the parameters C1.2 are shown in Figure 1. 

The best fit values are 

^bestfit ^ 0.000563 , ^best/it ^ _o. 000108 ; (29) 

note that the negative value of c^^**-^** unphysical given the definition 1261 
of C2. The best-fit value of x^/df is 30.5/20 for GBESS; the probability of 
a x^/df of this size or greater is only 6.4%. Fitting the same data to the 
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01")S(;rvaV)l(; CatiC I 





(rz)5M(l - 0.896C1 + 0.155C2) 


Re 


{Re)sM{l + 0.082C1 + 0.912C2) 


Rjx 


{R„)sm{1 + 0.082C1 + 0.912C2) 


Rt 


(^r)sM(l + 0.082ci + 0.912C2) 


CTh 


K)sm(1 -0.007ci -0.078C2) 


Rb 


{Rb)sM{l - 0.018C1 - O.2OIC2) 


Rc 


{Rc)sm{^ + 0.035ci + O.388C2) 


^FB 


(^?.b)sm + 0.176ci + 1.95C2 


^FB 


(^i^B)sM + 0.176ci + 1.95c2 


^FB 


(^^b)sm + 0.176ci + 1.95C2 




{Ar{Pr))sM + 0.781C1 + 8.65C2 


AeiPr) 


(Ae(i^r))sM+0.781ci+8.65c2 


A'' 

^FB 


(^fb)5m + 0.555ci+6.15c2 


A'^ 

^FB 


{A'fb)sm + 0.431C1 + 4.77C2 


Alr 


{Alr)sm + 0.781C1 + 8.65C2 




(M2,)sA^(l + 0.430ci + 1.43c2) 




(M2,/M|)5m(1 + 0.430C1 + 1.43C2) 



gl^^N ^ vX) {gliuN ^ iyX))sM + 0.239(ci + C2) 

g^ii^N z/X) {gliiyN ^ iyX))sM - 0.092(ci + C2) 

c/ey(i/e ^ i^e) (ffevli^e i^e))sM - 0.661(ci + C2) 

geA(,i^e ve) {geA{ve ve))sM 

Qw{Cs) {Qw{Cs))sM + 72.7(ci + C2) 

Table 3: Corrections to precision observables in terms of the parameters c\ 
and C2 discussed in the text. 

standard model, the /df is 30.97/22, corrosponding to a 9.7% probability. 
At present, no known model of this type gives a better fit to the data than 
the standard model. 

Note that the constraints from the fit on C2 (which depends on sm.(f)) 
are significantly stronger than those on ci (which depends on sin a;). In a 
flavor-universal model, sin^^e// (the ratio of a fermion's coupling to Q to 
its coupling to T^) is the same for each species. The majority of precision 
electroweak observables can be expressed in terms of ratios of the Z boson's 
couplings to various fermions - meaning that these observables depend only 
on sin^ ^e//- Now the shift in sin^ O^ff from the standard model prediction 
(as inferred from Gp, a, and Mz at tree level) depends as follows on sin^ 
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and sin a; 



s:/ ■ 2 /, ^ ( S™^^ \ 2 ■ A 

d[sm. 6eff) ~ - 5-7 cos asm cu—r 

Vcos^6'-snr6'/ 

/ sin^ 9 \ 2 A i^'^ / N 

V cos^ — sm^ / J"^ 

Since the first term in parentheses is ~ 0.1 and the second such term is 
~ 1.1, then s\v?deff and the electroweak observables are far more sensitive 
to sine/) than to sin a;. 

For a given value of a, we may unfold these constraints to produce a 
95% lower bound on / in terms of sin a; and sin0. A sense of the reach of 
these bounds is given in Figure 2, plotted for a = 7r/4. For typical values of 
sm.(j) and sincj, the bounds on the scale / range from a few TeV. Note that 
the standard model structure is formally recovered in the limit where both 
sm.(j) and sinu; approach zero. 



6 Discussion and Conclusions 

In studying the Generalized BESS class of models with extended electroweak 
gauge groups, we have seen how the assignment of fermion charges affects 
the structure of corrections to precision electroweak observables. Having 
fermions transform under the outer SU{2) or U{1) group of the linear moose 
(as in Cases II-IV) results in leading corrections that are suppressed by only 
two powers of the sine of the weak (w) or hypercharge ((/>) mixing angle, 
respectively. If all fermions are charged only under the innermost groups (as 
in Case I), all corrections to electroweak observables are instead suppressed 
by sin^ uj or sin^ 

This fourth-power suppression was previously noted in the so-called de- 
generate BESS model 20 in which a parity symmetry imposed the condition 
a = 7r/4. Our results show that the suppression is independent of a, and 
arises purely from the choice of gauge charges for the fermions. Degener- 
ate BESS exhibits the suppression not because of the parity symmetry (as 
originally supposed) but because its fermion couplings are as in Case I. 

As noted earlier, a number of models in the literature PIUIISII^ ITTl [T^ 
I25| I26j are special cases of the GBESS framework. We can now understand 
the structure of the electroweak corrections found in the literature on these 
models in terms of the general properties outlined above. Many of these 
models are flavor non-universal, in contrast to the universal case discussed 
here. In such cases, one applies the rules outlined here separately to each 
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species of fermion. For example, consider the heavy case of NCETC (equa- 
tion This is an example of GBESS in the limit where (sin a, sin(/>) — > 
because there is no fourth group in the moose. The first and second gen- 
eration fermions behave as in Case II of GBESS because they couple to 
the outer SU{2)2 group; the 3rd generation fermions behave as in Case I. 
Therefore we predict the Fermi constant to be \piGp = v~'^ -\- and the 
Z coupling to left-handed fermions to be 



sm f cos ( 



.,2 



1 -|- -^(cos LO sm uji^ — sm uji^ ) 



(31) 



where the separate weak generators for the heavy (H) and light (F) fermions 
are distinguished. Both of these results match what was found in In the 
light case of NCETC, it is the light fermions which behave as in our Case 
I and the heavy fermions as in Case II; the predictions for Gp and the Z 
boson coupling to fermions are modified accordingly.^ 

Many of the specific models cited above correspond to taking a weak- 
coupling limit for the extra gauge groups (i.e., taking sm(j) or sin uj of order 
1), in which case the bounds on / are of order 10 TeV, as consistent with 
results in the literature for topcolor, NCETC, UUM and electroweak SU{3) 
[U H71 EH UHl • This tends to make the extra gauge bosons too heavy to ob- 
serve easily in collider experiments. Formally the corrections to electroweak 
observables vanish when the couplings of the extra gauge groups become 
strong, that is in the limit (sin(/> , sincj) 0. The phenomenologically in- 
teresting question is whether there are any viable models corresponding to 
this limit, which would result in interesting structure at accessible scales. 
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Figure 1: Constraints on ci and C2 at the 68%, 95%, and 99% confidence 
level based on fits to precision electroweak data. [3T] 
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Lower bound on f from total x' (K = 
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